We give an overview of the F-product construction and the corresponding nonstandard constructions and show that (in the case of bounded ultrapowers) both constructs are isomorphic (theorem 3.15). From this we also follow a little "classical" corollary (3.14). The nonstandard construction has been investigated in [Wol84] and [Wol] With semigroup we denote a one-parameter semigroup of bounded linear operators, we call it continuous if it is strongly continuous (i.e. ∀f ∈ E : lim t→0 |T (t)f − f | = 0), uniformly continuous if lim t→0 T (t) − Id = 0, and a contraction semigroup if ∀t T (t) ≤ 1.
Abstract
We give an overview of the F-product construction and the corresponding nonstandard constructions and show that (in the case of bounded ultrapowers) both constructs are isomorphic (theorem 3.15). From this we also follow a little "classical" corollary (3.14). The nonstandard construction has been investigated in [Wol84] and [Wol] , the corresponding classical constructions first appeared in [Der80] and [Kru90] .
Basic Notation

Semigroups
For basic notations and results see e.g. [EN00] .
With semigroup we denote a one-parameter semigroup of bounded linear operators, we call it continuous if it is strongly continuous (i.e. ∀f ∈ E : lim t→0 |T (t)f − f | = 0), uniformly continuous if lim t→0 T (t) − Id = 0, and a contraction semigroup if ∀t T (t) ≤ 1.
Robinsonian (nonstandard) analysis
For basic definitions and notation concerning nonstandard-analysis, see [Lin88] or [CK90] .
A nonstandard universe is a bounded ultrapower if it is constructed from an ultrafilter the usual way. Not all nonstandard universes are bounded ultrapowers (but see [CK90] for details). Every time we prove the equivalence of a standard and a nonstandard construction in this paper it is not necessary that the ultrafilter is countably incomplete. In the case of a countably complete filter (e.g. a centered one) we don't get a "real" nonstandard universe (i.e. the mapping A → * A will be onto for some infinite A), but apart from that we can of course still construct a universe the usual way and the nonstandard and standard constructions will still be equivalent.
3 Ultrapowers and Nonstandard-Hulls 3.1 General Constructions (without semigroups)
F-Product
Let E be a normed space, I an arbitrary set and U a filter over I (not necessarily an ultrafilter).
Let l
∞ (E) be the space of all bounded E-valued I-sequences with the sup-norm:
Standard Constructions for Semigroups
The Maximal Continuous Subspace: Let T (t) be a semigroup on E (not necessary continuous) such that T (t) ≤ M e ωt .
Define (E)
T -max := {f ∈ E : lim t→0 |T (t)f − f | = 0}.
Lemma 3.5. (E) T -max is a closed T -invariant subspace of E, and it is the maximal subspace of E such that T (t) restricted to the subspace is continuous.
Proof.
Since for all t, T (t) is bounded,T (t)(
, and it is clear thatT is a semigroup again. Also, T (t) ≤ M e ωt .
But in generalT will not be continuous on l ∞ (E): It is easy to see thatT is continuous on l ∞ (E) if and only if T is uniformly continuous on E.
It is the maximal subspace of l ∞ (E) such thatT restricted to the subspace is continuous.
F-Product of a semigroup:
As we have seen,T can be defined on l ∞ (E).
, of courseT is a semigroup again, but in general not continuous.
For example letT be the translation semigroup, I = ω, U a free ultrafilter over ω,
To be more exact: 
Nonstandard Constructions for Semigroups
Let V (X), V ( * X), * be a nonstandard universe, E ⊂ X a Banachspace.
If A : E → E is a bounded linear operator, then f ∈ fin * E → * Af ∈ fin * E, and f ∈ E 0 → * Af ∈ E 0 , therefore the (bounded linear) operator A : E → E is well-defined by A( f ) = Af .
If A is not bounded, then in general A cannot be defined in a canonical way.
In the special case of a continuous semigroup, however, since for all t ∈ fin * Ê + 0 * T (t) < M e ωt < M e ω std(t)+1 , for all those t, T (t) : E → E is defined by
So T (t) is defined on E for t ∈ fin * Ê + , and restricted to t ∈ Ê + it is a semigroup.
We define two subsets of fin * E:
Clearly, E 0 < E T < E max . So, if f ∈ E T (or E max ) and g ≈ f (i.e. f − g ∈ E 0 ), then g ∈ E T (or E max resp.).
Lemma 3.9.
2. E max is a closed, T -invariant subspace of E, and it is the maximal T -invariant subspace.
E T is a closed, T -invariant subspace of E.
Assume, lim t∈Ê
For any f ∈ f and t ∈ Ê + , t < δ,
2. see lemma 3.5.
Let t ∈ fin
+ , and n such that |f n − f | < min{
Remark: [Wol] presents an additional way to construct E T .
Relation of Standard and Nonstandard Constructions
Assume V ( * X) is the bounded ultrapower of an ultrafilter U over I.
Let ι be the isomorphism of theorem 3.4.
Lemma 3.10.
Proof. This follows from lemma 3.9 , and the fact that for all f ∈ l ∞ (E) /cU ι(T (t)f ) = T (t)(ι(f )).
We consider m T /cU∩m T a subspace of l ∞ (E) /cU (via the injective isometry φof lemma 3.7).
It is not immediately clear whether
Assume, that for all n, m ∈ AE + there would be a Banachspace E, a continuous contraction semigroup T (t) and a f ∈ E such that |f | = 1, ∀t : |T (t)f − f | < 1 n , and for all f ′ ∈ E with |f ′ − f | < 
Assume U is an ultrafilter over I, and there is a partition {σ i,j } (i, j ∈ ω) of I such that for all n ∈ ω, f : ω → ω : i>n, j>f (i) σ i,j ∈ U (it is easy to see that such a filter -even a κ-good one -exists, e.g. apply a suitable filterbasis to [Lin88, theorem A.4] ).
T , there is a m 0 ∈ AE such that ∀i ∈ I, ∀t ∈ Ê
However, when considering the Generator in section 4.2 we will see that m T /cU∩m T = E T , so we get the little Corollary 3.14. assumption 3.13 cannot be true So all in all we get the following (where : fin * E → E is defined by f → f + E 0 , p are the projections und ι are the canonical isomorphisms)
Proof. m T /cU∩m T ⊂ E T : corollary 3.12 m T /cU∩m T ⊃ E T : section 4.2 The rest is lemma 3.9.
(Remark: The entries of the first three rows are Banachspaces, the last row consists of Vectorspaces.)
Example 1 There is a f ∈ E max \ E T (c.f. [Wol84, page 209] Proof. It is a well-known (classical) fact that for every A ⊂ Ê finite, ε ∈ Ê + there is a k ∈ AE such that ∀t ∈ A : sin(kt) < ε.
Because V ( * X) is an enlargement, Ê is a subset of an A ∈ * F IN , and with transfer we find a k ∈ * AE such that ∀t ∈ Ê : sin(kt) ≈ 0 (set ε ≈ 0).
If t ∈ * Ê, sin(k(x + t)) − sin(kx) = sin(kx)(cos(kt) − 1) + sin(kt) cos(kx) ≈ sin(kx)( √ 1 − 0 2 − 1) + 0 cos(kx) ≈ 0
Let f = sin(kx). Obviously |f | = 1, i.e. f ∈ fin * E, and |T (t)f − f | = sin(k(x + t)) − sin(kx) ∞ ≈ 0 for all t ∈ Ê + .
Therefore f ∈ E max , but clearly f / ∈ E T .
Example 2 There is a f ∈ E T ∩ D( * A) such that f ≈ 0, * Af ∈ E \ E T f = − 1 k cos(kx) (same k as in previous example).
Example 3 There is a f ∈ E max ∩D( * A), * A(f ) ∈ E max , f ≈ 0, * A(f ) = * A(0) = 0 (Same f as in previous example.)
